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h. Introduction 
n the last years, the qualitative properties of Volterra integro- 
iﬀerential equations without delay have been discussed by 
any researches. In particular, the reader can referee to the pa- 
ers of Becker [1] , Burton [2,3] , Burton and Mahfoud [4,5] Dia-
andescu [6] , Hara et al. [7] , Miller [8] , Staﬀans [9] , Tunc [10] ,
anualailai and Nakagiri [11] and the books of Burton [12] , 
orduneanu [13] , Gripenberg et al. [14] and the references cited 
herein for some works done on qualitative properties of var- 
ous Volterra integro-diﬀerential equations without delay. An Tel.: + 5375517167. 
E-mail address: cemtunc@yahoo.com , tunccemil@gmail.com 
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1110-256X(15)00052-8 Copyright 2015, Egyptian Mathematical Society. Pro
nder the CC BY-NC-ND license ( http://creativecommons.org/licenses/by-
ttp://dx.doi.org/10.1016/j.joems.2015.08.001 mportant tool to discuss the qualitative properties of solutions 
f ordinary and functional diﬀerential equations and integro- 
iﬀerential equations is the Lyapunov’s direct method. Theo- 
etically this method is very appealing, and there are numerous 
pplications where it is natural to use it. The key requirement of
he method is to ﬁnd a positive deﬁnite function or functional
hich is non-increasing along solutions. 
However, it is a quite diﬃcult task to ﬁnd a suitable Lya-
unov function or functional for a non-linear ordinary or func- 
ional diﬀerential equation and a non-linear functional Volterra 
ntegro- diﬀerential equation. The situation becomes more dif- 
cult when we replace an ordinary or a functional diﬀerential 
quation with a functional integro-diﬀerential equation. By this 
ime, the construction of Lyapunov functions and functionals 
or non-linear diﬀerential and integro-diﬀerential systems re- 
ains as an open problem in the literature. Besides, in the lit-
rature, there are a few papers on the qualitative behaviors of
olterra integro-diﬀerential equations with delay. See, for ex- duction and hosting by Elsevier B.V. This is an open access article 
nc-nd/4.0/ ). 
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 ample, the recent papers of Adıvar and Raﬀoul [15] , Graef and
Tunc [16] , Raﬀoul [17] and Raﬀoul and Unal [18] . 
In 2003, Vanualailai and Nakagiri [11] considered the non-
linear Volterra integro-diﬀerential equation without delay, 
d 
dt 
[ x (t)] = A (t ) f (x (t )) + 
∫ t 
0 
B(t, s ) g(x (s )) ds , (1)
where t ≥ 0 , x ∈  , A (t) : [0 , ∞ ) → (−∞ , 0) , f , g :  →  are
continuous functions, and B(t, s ) is a continuous function for
0 ≤ s ≤ t < ∞ . Vanualailai and Nakagiri [11] studied the sta-
bility of solutions of Eq. (1) by deﬁning a suitable Lyapunov
functional. 
In this paper, we consider the nonlinear the Volterra integro-
diﬀerential equation with delay 
x ′ (t) = −a (t ) f (x (t )) + 
∫ t 
t−τ
B(t, s ) g(x (s )) ds + p(t) , (2)
where t ≥ 0 , τ is a positive constant, ﬁxed delay, x ∈  , a (t) :
[0 , ∞ ) → (0 , ∞ ) , p : [0 , ∞ ) →  , f , g :  →  are continu-
ous functions with f (0) = g(0) = 0 , and B(t, s ) is a continuous
function for 0 ≤ s ≤ t < ∞ . 
We investigate the stability of zero solution and boundedness
of all solutions of Eq. (2) by deﬁning new suitable Lyapunov
functionals, when p(t) ≡ 0 and p(t)  = 0 , respectively. 
It follows that Vanualailai and Nakagiri [11] considered a
Volterra integro-diﬀerential equation without delay. However,
in this paper, we consider a Volterra integero-diﬀerential equa-
tion with delay. Besides, Vanualailai and Nakagiri [11] discussed
the stability of the zero solution of Eq. (1) . However, beside the
stability of zero solution, we also discuss the boundedness of
solutions of Eq. (2) , when p(t) ≡ 0 and p(t)  = 0 , respectively.
Further, Eq. (2) includes and extends the equations discussed
by Vanualailai and Nakagiri [11] , when τ = 0 . 
We give some basic information related Eq. (2) . 
We use the following notation throughout this paper. 
For any t 0 ≥ 0 and initial function ϕ ∈ [ t 0 − τ, t 0 ] , let x (t) =
x (t , t 0 , ϕ ) denote the solution of Eq. (2) on [ t 0 − τ, ∞ ) such that
x (t) = ϕ(t) on ϕ ∈ [ t 0 − τ, t 0 ] . 
Let C[ t 0 , t 1 ] and C[ t 0 , ∞ ) denote the set of all continuous
real-valued functions on [ t 0 , t 1 ] and [ t 0 , ∞ ) , respectively. 
For ϕ ∈ C[0 , t 0 ] , | ϕ| t 0 := sup {| ϕ (t ) | : 0 ≤ t ≤ t 0 } . 
Deﬁnition. The zero solution of Eq. (2) is stable if for each
ε > 0 and each t 0 ≥ 0 , there exists a δ = δ(ε, t 0 ) > 0 such that
ϕ ∈ C[0 , t 0 ] with | ϕ (t ) | t 0 < δ implies that | x (t , t 0 , ϕ ) | < ε for all
 ≥ t 0 . 
Let p(t) = 0 in Eq. (1) . 
The following theorem is need for the stability result of this
theorem. 
Theorem 1 (Driver [19] ) . If there exists a functional V (t , ϕ (. )) ,
deﬁned whenever t ≥ t 0 ≥ 0 and ϕ ∈ C([0 , t] ,  ) , such that 
(i) V (t, 0) ≡ 0 , V is continuous in t and locally Lipschitz in ϕ,
(ii) V (t , ϕ (. )) ≥ W (| ϕ (t ) | ) , W : [0 , ∞ ) → [0 , ∞ ) is a contin-
uous function with W (0) = 0 , W (r ) > 0 if r > 0 , and W 
strictly increasing (positive deﬁniteness), and 
(iii) V ′ (t , ϕ (. )) ≤ 0 , 
then the zero solution of Eq. (2) is stable, and 
 (t , ϕ (. )) = V (t , ϕ (s ) : 0 ≤ s ≤ t) is called a Lyapunov functional for Eq. (2) . 
2. The main results 
We state some assumptions on the functions that are appearing
in Eq. (2) . 
A. Assumptions 
(A1) There exist positive constants α, m, J, M and N such that
f (0) = 0 , g(0) = 0 , g 2 (x ) ≤ m 2 f 2 (x ) if | x | ≤ M, 
α > 4 such that 4 x 2 ≤ (α − 4) f 2 (x ) if | x | ≤ N. 
(A2) a (t) > 0 for t ≥ 0 , B(t, s ) is continuous for 0 ≤ s ≤ t <
∞ , 
J ≥ 1 , 1 4 a (t) 
∫ t 
t−τ | B(t, s ) | ds < 1 J for every t ≥ s − τ ≥ 0 , ∫ ∞ 
t−τ | B(u + τ, s ) | du is deﬁned and continuous for 0 ≤ s −
τ ≤ t < ∞ . 
a (t) − k ∫ ∞ t−τ | B(u + τ, t) | du ≥ 0 for every t ≥ s − τ ≥ 0 . 
For the case p(t) = 0 in Eq. (2) , we have the following result.
Theorem 2. Assume conditions ( A 1) and ( A 2) hold. If k =
m 2 (1+ α) 
J , then the zero solution of Eq. (2) is stable. 
Proof. We introduce a functional V 0 = V 0 (t) = V 0 (t, x (t)) de-
ﬁned by 
 0 = 1 2 x 
2 + √ α
∫ x 
0 
√ 
f (u ) u du + 1 
2 
α
∫ x 
0 
f (u ) du 
+ k 
∫ t 
0 
∫ ∞ 
t−τ
| B(u + τ, s ) | du f 2 (x (s )) ds, (3)
where k is a positive constant to be determined later in the
proof. 
It is clear that the functional V 0 is positive deﬁnite. 
Diﬀerentiating the functional V 0 with respect to t, we obtain
from ( 3 ) that 
 
′ 
0 = xx ′ + 
√ 
α
√ 
f (x ) x x ′ + 1 
2 
α f (x ) x ′ 
+ k 
∫ ∞ 
t−τ
| B(u + τ, t) | du f 2 (x ) − k 
∫ t 
0 
| B(t, s ) | f 2 (x (s )) ds. 
(4)
Then, it is clear that 
xx ′ = −a (t) x f (x ) + x 
∫ t 
t−τ
B(t, s ) g(x (s )) ds 
= −a (t) x f (x ) −
[√ 
a (t) x − 1 
2 
√ 
a (t) 
∫ t 
t−τ
B(t, s ) g(x (s )) ds 
]2
+ a (t) x 2 + 1 
4 a (t) 
[∫ t 
t−τ
B(t, s ) g(x (s )) ds 
]2 
≤ −a (t) x f (x ) + a (t) x 2 + 1 
4 a (t) 
[∫ t 
t−τ
B(t, s ) g(x (s )) ds 
]2 
≤ −a (t) x f (x ) + a (t) x 2 
+ 1 
4 a (t) 
∫ t 
t−τ
| B(t, s ) | ds 
∫ t 
t−τ
| B(t, s ) | g 2 (x (s )) ds 
≤ −a (t) x f (x ) + a (t) x 2 
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4 a (t) 
∫ t 
t−τ
| B(t, s ) | ds 
∫ t 
t−τ
| B(t, s ) | f 2 (x (s )) ds 
≤ −a (t) x f (x ) + 1 
4 
αa (t) f 2 (x ) − a (t) f 2 (x ) 
+ m 
2 
J 
∫ t 
t−τ
| B(t, s ) | f 2 (x (s )) ds 
y the assumption of Theorem 2 and the Schwarz inequality, 
hat is, 
(A 2) and [ 
∫ t 
t−τ B(t, s ) g(x (s )) ds ] 
2 ≤ ∫ t t−τ | B(t, s ) | ds ∫ t t−τ | B(t, 
 ) | g 2 (x (s )) ds. 
Besides, as before, by the assumptions of Theorem 2 and the 
chwarz inequality, we have 
 
α
√ 
f (x ) x x ′ 
= −
[ √ 
α
2 
√ 
a (t) 
x ′ −
√ 
a (t) 
√ 
f (x ) x 
]2 
+ α
4 a (t) 
(x ′ ) 2 + a (t) f (x ) x 
≤ α
4 a (t) 
(x ′ ) 2 + a (t) f (x ) x 
= a (t) f (x ) x + α
4 
a (t) f 2 (x ) − 1 
2 
α f (x ) 
∫ t 
t−τ
B(t, s ) g(x (s )) ds 
+ α
4 a (t) 
[∫ t 
t−τ
B(t, s ) g(x (s )) ds 
]2 
≤ a (t) f (x ) x + α
4 
a (t) f 2 (x ) − 1 
2 
α f (x ) 
∫ t 
t−τ
B(t, s ) g(x (s )) ds 
+ αm 
2 
J 
∫ t 
t−τ
| B(t, s ) | f 2 (x (s )) ds 
nd 
1 
2 
α f (x ) x ′ = −1 
2 
αa (t) f 2 (x ) + 1 
2 
α f (x ) 
∫ t 
t−τ
B(t, s ) g(x (s )) ds. 
On gathering the above discussion into ( 4 ), it follows that 
 
′ 
0 ≤ −
[
k − m 
2 (1 + α) 
J 
] ∫ t 
0 
| B(t, s ) | f 2 (x (s )) ds 
− m 
2 
J 
∫ t−τ
0 
| B(t, s ) | f 2 (x (s )) ds 
− αm 
2 
J 
∫ t−τ
0 
| B(t, s ) | f 2 (x (s )) ds 
−
[
a (t) − k 
∫ ∞ 
t−τ
| B(u + τ, t) | du 
]
f 2 (x ) 
≤ −
[
k − m 
2 (1 + α) 
J 
] ∫ t 
0 
| B(t, s ) | f 2 (x (s )) ds 
−
[
a (t) − k 
∫ ∞ 
t−τ
| B(u + τ, t) | du 
]
f 2 (x ) . 
Let k = m 2 (1+ α) J . Hence, we have 
 
′ 
0 ≤ −
[
a (t) − k 
∫ ∞ 
t−τ
| B(u + τ, t) | du 
]
f 2 (x ) . If 
 (t) − k 
∫ ∞ 
t−τ
| B(u + τ, t) | du ≥ 0 , 
hen it follows that 
 
′ 
0 ≤ 0 . 
Therefore, we can conclude that the zero solution of Eq. (2)
s stable. 
Let p(t)  = 0 and 
(t) = α0 a (t ) − 1 2 
∫ t 
t−τ
| B(t , s ) | ds − 1 
2 
m 2 
∫ ∞ 
t−τ
| B(u + τ, t) | du. 
B. Assumptions 
( H 1) There exist positive constants α0 , m and M such that 
g(0) = 0 , g 2 (x ) ≤ m 2 x 2 if | x | ≤ M, f (0) = 0 , f (x ) x ≥ α0 >
0 , when x  = 0 , 
( H 2) a (t) > 0 for t ≥ 0 , B(t, s ) is continuous for 0 ≤ s ≤ t <
∞ , ∫ ∞ 
t−τ | B(u + τ, s ) | du is deﬁned and continuous for 0 ≤ s −
τ ≤ t < ∞ , and 
ρ(t) ≥ 0 for every t ≥ s − τ ≥ 0 . 
We prove the following theorem. 
heorem 3. In addition to assumptions (H 1) and (H 2) , if p ∈
 
1 (0 , ∞ ) and λ = 1 2 m 2 , then all solutions of Eq. (2) are bounded.
roof. We deﬁne a functional V 1 = V 1 (t) = V 1 (t, x (t)) by 
 1 = 1 2 x 
2 + λ
∫ t 
0 
∫ ∞ 
t−τ
| B(u + τ, s ) | d u x 2 (s ) d s, (5) 
here λ is a positive constant to be determined later in the
roof. 
It is clear that the functional V 1 is positive deﬁnite. 
Calculating the time derivative of the functional V 1 we get 
rom ( 5 ) that 
 
′ 
1 = −a (t) f (x ) x + x 
∫ t 
t−τ
B(t, s ) g(x (s )) ds + xp(t) 
+ λ
∫ ∞ 
t−τ
| B(u + τ, t) | du x 2 − λ
∫ t 
0 
| B(t, s ) | x 2 (s ) ds. (6) 
In view of the assumptions of Theorem 3 and the estimate
 αβ| ≤ 2 −1 ( α2 + β2 ) , it is obvious that 
 
′ 
1 ≤ −a (t) f (x ) x + 
1 
2 
∫ t 
t−τ
| B(t, s ) | ( x 2 (t) + g 2 (x (s ))) ds 
+ | p(t) | + | p(t) | x 2 + λ
∫ ∞ 
t−τ
| B(u + τ, t) | du x 2 
− λ
∫ t 
0 
| B(t, s ) | x 2 (s ) ds 
= −
[
a (t) 
f (x ) 
x 
− 1 
2 
∫ t 
t−τ
| B(t, s ) | ds −λ
∫ ∞ 
t−τ
| B(u + τ, t) | du 
]
x 2 
+ | p(t) | + | p(t) | x 2 + 1 
2 
∫ t 
t−τ
| B(t, s ) | g 2 (x (s )) ds 
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 − λ
∫ t 
0 
| B(t, s ) | x 2 (s ) ds 
≤ −
[
α0 a (t) − 1 2 
∫ t 
t−τ
| B(t, s ) | ds − λ
∫ ∞ 
t−τ
| B(u + τ, t) | du 
]
x 2 
+ | p(t) | (1 + x 2 ) + 1 
2 
∫ t 
t−τ
| B(t, s ) | g 2 (x (s )) ds 
− λ
∫ t 
0 
| B(t, s ) | x 2 (s ) ds 
≤ −
[
α0 a (t) − 1 2 
∫ t 
t−τ
| B(t, s ) | ds − λ
∫ ∞ 
t−τ
| B(u + τ, t) | du 
]
x 2 
−
(
λ − 1 
2 
m 2 
)∫ t 
0 
| B(t, s ) | x 2 (s ) ds + | p(t) | (1 + x 2 ) 
− 1 
2 
m 2 
∫ t−τ
0 
| B(t, s ) | x 2 (s ) ds 
≤ −
[
α0 a (t) − 1 2 
∫ t 
t−τ
| B(t, s ) | ds − λ
∫ ∞ 
t−τ
| B(u + τ, t) | du 
]
x 2 
−
(
λ − 1 
2 
m 2 
)∫ t 
0 
| B(t, s ) | x 2 (s ) ds + | p(t) | (1 + x 2 ) . 
Let λ = 1 2 m 2 . Then, we have 
 
′ 
1 ≤ −ρ(t) x 2 + | p(t) | + | p(t) | x 2 ≤ | p(t) | + | p(t) | x 2 
≤ (1 + 2 V 1 ) | p(t) | . 
Integrating the last estimate from zero t 0 to t , we have 
 1 (t) ≤ V 1 ( t 0 ) + 
∫ t 
0 
| p(s ) | ds + 2 
∫ t 
0 
V 1 (s ) | p(s ) | ds. 
Hence, an application of Gronwall’s inequality bounds V 1 .
Hence we can conclude that all solutions of Eq. (2) are bounded.
Remark. By Theorem 2 , we improve and extend a stability re-
sult obtained for a Volterra integro-diﬀerential equation with-
out delay to its delay form (see Vanualailai and Nakagiri [11,
Theorem 3.2]). Besides, Theorems 2 and 3 complement to the
papers in the references, and they have a contribution to the
papers of Becker [1] , Burton [3] , Tunc [10] . Adıvar and Raﬀoul
[15] and Raﬀoul [17] . By this way, we also mean that the Volterra
integro-diﬀerential equation considered and the established as-
sumptions here are diﬀerent from that in the mentioned papers
above. Theorem 3 gives an additional result, the boundedness
of solutions, to that of Vanualailai and Nakagiri [11, Theorem
3.2]. This paper may be useful for researchers working on the
qualitative behaviors of solutions of functional Volterra integro-
diﬀerential equations. These cases show the novelty and origi-
nality of the present paper. 
3. Conclusion 
A non-linear Volterra integro-diﬀerential equation of ﬁrst or-
der with delay is considered. The stability and boundedness ofsolutions are discussed by using the Lyapunov’s functional ap-
proach. The obtained results improve and extend some results
in the literature. 
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